Lorentz gauge theory as a model of emergent gravity 
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We consider a class of Lorentz gauge gravity theories within Riemann-Cartan geometry which 
admits a topological phase in the gravitational sector. The dynamic content of such theories is 
determined only by the contortion part of the Lorentz gauge connection. We demonstrate that 
there is a unique Lagrangian that admits propagating spin one mode in correspondence with gauge 
theories of other fundamental interactions. Remarkably, despite the R 2 type of the Lagrangian and 
non-compact structure of the Lorentz gauge group, the model possesses rather a positive-definite 
Hamiltonian. This has been proved in the lowest order of perturbation theory. This implies further 
consistent quantization and leads to renormalizable quantum theory. It is assumed that the proposed 
model describes possible mechanism of emergent Einstein gravity at very early stages of the Universe 
due to quantum dynamics of contortion. 
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INTRODUCTION 



The idea that Lorentz gauge approach can lead to a 
consistent quantum theory of gravity has been developed 
for last fifty years since the seminal paper by Utiyama 
p|. The exhausting list of references can be found in 
reviews on this topic (see, for instance, 0, Q). Among 
early works devoted to Lorentz gauge theory with Yang- 
Mills type Lagrangian one should mention the papers |^- 
9j where main features of classical and quantum theory 
were studied. Extension of the Lorentz gauge approach 
to the case of general Lorentz connection including con- 
tortion was widely explored as well @, H, [To|, H2 ■ The 
most general Lagrangian quadratic in Riemann-Cartan 
curvature and with Einstein-Hilbert term was considered 
in [l2l |. Recently a Lorentz gauge gravity model with 
contortion part in the Lorentz gauge connection has been 
proposed [TU which admits a topological phase for grav- 
itation. We assume that such a topological phase can be 
possibly realized at very early stages of our Universe close 
to or before the Bing Bang. The standard gravity sup- 
posed to be an effective theory which is induced during 
phase transition due to quantum dynamics of contortion. 
The idea that Einstein gravity is an effective theory and 
can be deduced from some more fundamental theory is 
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not neWj_it was sounded by Zel'dovich and Sakharov in 
70s [3, EH]- Possible mechanisms of inducing the Ein- 
stein theory via quantum corrections were proposed in 
past by many physicists in various approaches: confor- 
mal invariance breaking schemes 1161 Il7j , non-linear real- 
izations of the Lorentz group Jl8|jl9| , models with spon- 
taneous symmetry breaking I20h24| | . superst ring models, 
loop quantum gravity [25|, l26j | and others |27l . [28j | . In 
order to capture the nature of gravit y t hermodynamic 
approaches have been also developed |29l43l| . Recently, 
it was conjectured that the gravity could be regarded as 
the entropic force through the holographic principle [32j . 
In most of these approaches the Einstein-Hilbert term is 
induced by quantum corrections due to interaction with 
matter field. 

Our approach is based on the gauge principle which 
was successfully realized in formulating the theories of 
electro-weak and strong interactions. We consider the 
local Lorentz symmetry as an appropriate gauge symme- 
try for constructing a generalized theory of gravity in ge- 
ometric framework since it reflects the equivalence prin- 
ciple, which is a corner stone of general relativity. This 
introduces naturally the contortion as a part of general 
Lorentz gauge connection. Whether or not the contor- 
tion (torsion) is relevant to our real world is discussed in 
detail in (33j . 

We consider theories with a Lagrangian containing 
only Riemann-Cartan curvature squared terms. We do 
not introduce terms quadratic in torsion since we treat 
the contortion as a part of Lorentz gauge connection, 
not as a tensor. By this way we keep the gauge struc- 
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ture of the considered Lorentz gauge gravity models close 
to standard gauge approach. It has been shown [l3| that 
there is a model with a special R 2 type Lagrangian which 
admits a topological phase for the gravitation whereas 
contortion still possesses dynamical degrees of freedom. 
An interesting feature of the model is that the number 
of dynamical degrees of freedom of torsion is the same 
as the number of physical degrees of the metric tensor. 
This gives a hint that torsion may play a role of quantum 
counter part to the classical metric of Einstein gravity 
which supposed to be an effective theory generated by 
the quantum dynamics of torsion |34|. The analysis of 
dynamic content of the model in |l3[ has been performed 
at the lowest linearized level in contortion part and in 
the presence of constant Riemann curvature space-time 
background. Due to these limitations several important 
issues in this model remain unclear, especially, whether 
the dynamical properties of torsion are intrinsic proper- 
ties or they depend on presence of the background metric. 

As it is known, theories with R 2 type Lagrangian suf- 
fer from a serious problem related to non-dcfinitencss 
of the Hamiltonian due to non-compact structure of the 
Lorentz gauge group. This has been the main obstacle 
toward consistent quantization and defining a physical 
unitary S matrix. One possible way to overcome this 
problem is based on Euclidean gravity formalism [35l — 
\3T\ . One should notice, that presence of higher deriva- 
tive terms in the Lagrangian still may cause problems 
with unitarity and ghosts in the graviton propagator in 
Euclidean gravity [H, H|| . 

In the present paper we study dynamical properties 
of the topological gravity model with torsion in the limit 
of flat space-time metric. We have found that Lorentz 
gauge connection has dynamic degrees of freedom with a 
Lagrangian specified by the same set of parameters in the 
initial Lagrangian as in the case of the presence of back- 
ground constant Riemannian curvature space-time. This 
proves that contortion possesses genuine dynamical prop- 
erties independently on the metric. It is unexpected, we 
have demonstrated in the lowest order of perturbation 
theory that the model has a positive definite Hamilto- 
nian. This allows to define stable quantum vacuum and 
perform consistent quantization preserving unitarity in 
the theory. 

In Section II we present the principal ideas lying in the 
basis of the model of quantum gravity with contortion. In 
Section III we study the dynamic content of the theory 
by solving equations of motion in Lagrange formalism. 
All equations of motion are solved in linearized approxi- 
mation by using decomposition of the Lorentz connection 
around fixed classical solution corresponding to constant 
torsion background. In Section IV we prove the positive 
definiteness of the Hamiltonian in the linearized approx- 
imation. The last section contains discussion of possible 
physical implications. 



II. LORENTZ GAUGE THEORY WITH 
TOPOLOGICAL GRAVITY 



Lorentz gauge theory on curved space-time can be 
described naturally within Riemann-Cartan geometrical 
formalism. Let us start first with the main outlines of 
Riemann-Cartan geometry. The basic geometric objects 
are the vielbein e m and the general Lorentz affine con- 
nection A mc( i which can be identified with the Lorentz 
gauge potential. The infinitesimal Lorentz transforma- 
tion of the vielbein e™ is given by 



cm a b m 

oe a = A a e b , 



(1) 



where A Q b (= — A;, a ) is the Lorentz gauge parameter. 
We use m,n, . . . to denote world indices, and a,b, . . . for 
Lorentz frame indices. We assume that the vielbein is 
invertible and the metric ij ab (= e™e mb ) has Lorentz sig- 
nature r) ab = diag(-, +, +, +). 

The covariant derivative with respect to the Lorentz 
group transformation is defined in a standard manner 



D„ 



e m {d m + gA r , 



(2) 



where A m = A mc d^l cd is affine connection taking values 
in the Lorentz Lie algebra whose generator is given by 
f2 cd , and g is a new gravitational gauge coupling con- 
stant. For brevity of notation we will use a redefined 
connection which absorbs the coupling constant. The 
original Lorentz gauge transformation of the connection 
A m has the form 

5 A m = -d m A - [Am, A], (3) 

where A = A ca -£l cd - The Lorentz gauge connection A ma b 
can be rewritten as the sum 



Amab ^Pmabi.^-) ^-mab: 



(4) 



where K ma b is a contortion and (p m ab(e) is a Levi-Civita 
spin connection given in terms of the vielbein 

fmab(e) = --{e^d m e na -e^e' m d b e nc +dae m b-{a ^ b) 

The torsion and curvature tensors are defined in a stan- 
dard way 

[D a ,D b ] =T a c b D c + R abcd n cd , (6) 

where the torsion components in the unholonomic basis 
can be expressed in terms of contortion, and conversely 



T c — K ' - — K c 

^ab — 1Y ab "ha' 
K a bc — ~^(T a bc Tbca T ca0 ). 



(7) 



The most general quadratic in Riemann-Cartan cur- 
vature Lagrangian reads 



C — CiR a b c dR abCd + CiRabcdR 



jcdab 



CzR a bR a 



+CiR ab R ba + c b R z + c 6 A z a 



bed' 



(8) 
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where the last term is an additional invariant which ap- 
pears in Riemann-Cartan space-time. The tensor A abcd 
is defined as follows [IH 

Aabcd = g (Rabcd + Racdb + Radbc + Rbcad + Rbdca + Rcdab) ■ 

(9) 

In Riemannian space-time the tensor A abcd vanishes due 
to the Jacobi cyclic identity 

Rabcd + Racdb + Radbc = 0. (10) 

A careful analysis of gravity models including Einstein 
term in the Lagrangian was done in [l2j]. We do not 
consider Einstein term since we treat the Einstein grav- 
ity as an effective theory which should not be quantized 
and which is induced from a more general theory, in our 
case from Riemann-Cartan gravity. So that, only con- 
tortion represents quantum dynamical degree of freedom 
in a special Riemann-Cartan gravity model. In general 
the Lagrangian (|8]) contains propagating modes for both 
fields, metric and contortion. So that, formally the met- 
ric can still be considered as a quantum field as well as the 
contortion. This is not merely satisfactory because met- 
ric and contortion represent different geometric objects. 
The metric plays a role of kinematic variable in descrip- 
tion of the space-time geometry, whereas the contortion, 
as a part of gauge connection, plays a role of gauge po- 
tential which represents dynamic object in gauge theories 
of electroweak and strong interactions. To keep only the 
contortion as a quantum variable we conjecture that a 
generalized Riemann-Cartan gravity may admit a phase 
where the metric describes a pure topological structure 
of the space-time. So that the metric does not satisfy 
any equations of motion and it cannot be quantized in 
principle. This is our main idea. We are looking for such 
a Lagrangian in Riemann-Cartan space-time which re- 
duces to topological Gauss-Bonnet density in the limit of 
Riemannian geometry. 

In Riemann-Cartan geometry the proper general- 
ization of the topological Gauss-Bonnet invariant (Eu- 
ler characteristic) is given by the Bach-Lanczos density 

turn 

-^BL = RabcdR Cdab ~ 4-R 6-R ° + R 2 . (11) 

The properties of the Bach-Lanczos invariant are de- 
scribed in a detail in [4lj |. A proper Lagrangian can be 
derived from the general expression ([5]) by fitting the pa- 
rameters Ci as follows 

C = -^{ aR -bcd + (1 " ^RabcdR^ ~ ^Rld 

-4(l-f3)R bd R db + R 2 + 6 1 A 2 abcd }, (12) 

where the parameters a, /3, 7 remain arbitrary. One can 
check that the Lagrangian reduces to the Gauss-Bonnet 
density in the limit of Riemannian space-time, i.e., when 



contortion is set to be zero. One can rewrite the La- 
grangian in a more simple form 

C = ~{(a + l)R 2 abcd - (a - ^RabcdR^ 
+4jR abcd R acdb - 4p(R 2 bd - R bd R db ) 
+/bl}- (13) 

It has been shown that the model described by the La- 
grangian (fT"3"|) admits dynamical degrees of freedom for 
the contortion only for the special values of the param- 
eters, /3 = 0,7 = —3a with overall normalization factor 
a [I3J. The result has been obtained from the analy- 
sis of linearized equations of motion for contortion in the 
presence of constant Riemann curvature space-time back- 
ground. Therefore, the principal question arises whether 
contortion will keep its properties in the flat Rieman- 
nian space-time. In other words, whether the dynamics 
of torsion represents its intrinsic properties independent 
of the metric. If the contortion still possesses dynami- 
cal properties in flat space-time, then another important 
question arises, at which values of the parameters a, /3, 7 
it will happen. 

In the present paper we will mainly concentrate on flat 
metric limit i.e. a pure Lorentz gauge theory with the 
Lagrangian of type (|13p . The field strength (curvature 
tensor) in flat space-time takes a simple form 

Rmncd — d rn A ncd + A mce A ned — (m f-> n). (14) 

Since the background vielbein is flat there is no difference 
between the world and Lorentzian indices. Our study 
will be constrained by a special choice of the parame- 
ter, (0 = 0, which is a necessary condition of existence 
of propagating vector mode in the presence of constant 
curvature space-time fl3l ]. 

The theory described by the Lagrangian (fT3"|) is highly 
non-linear and belongs to degenerate theories [42|]. Ap- 
plication of canonical formalism to such theories is quite 
complicated due to the presence of constraints of higher 
orders. Therefore, to study the dynamical structure of 
the theory we will use Lagrange formalism and apply lin- 
earized approximation method which is effective in the 
analysis of non-linear equations of motion. We will split 
the Lorentz gauge connection into classical background 
field B acd (which plays a role of the mean field) and fluc- 
tuating part q acd as follows 

A ac d = Bacd + <Zacd- (15) 

Under the decomposition (TT5j) the general field strength 
is split into two parts as follows 

Rabcd = 7tabcd(B) + R a bcd(q) , 
^abcd 

(B) = d a B bcd + B ace B bed - (a o b), (16) 

Rabcd(q) = V aqbcd + qaceqbed ~ (d <r+ b), 
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where T> a is a background covariant derivative containing 
the classical field B acd , and the underlined indices stand 
for indices over which the covariantization is performed. 

There are two gauge non-equivalent representations 
for gauge potentials leading to the same constant field 
strength in SU(2) Yang-Mills theory: Abelian type and 
non-Abelian type p3l - |45| . In the case of constant curva- 
ture space-time the Abelian type of gravitational field has 
been used for spin connection The calculations are 
crucially simplified using normal coordinate decomposi- 
tion of the metric. In the present case of flat space-time 
it is more convenient to choose a constant background 
field of non-Abelian type defined by the following Lorentz 
gauge potential B acd , 



Bocd 


= 0, 








(17) 


BaO/3 







where Greek indices run through the space components 
and ei23 = +1. The constant field is determined by two 
number parameters G, H which correspond to rank two 
of the Lorentz group. The corresponding field strength 
reads 



T^-Oacd = 0, 



(18) 



We will analyze the equations of motion in a detail for 
the case of constant background G = 0, H ^ which is 
one of the background solutions. 



III. EQUATIONS OF MOTION IN LAGRANGE 
FORMALISM 



The classical theory with the Lagrangian (JT2|) is de- 
generate. This implies that the number of equations of 
motion in free theory is less than number of field degrees 
of freedom. So that, one has to consider non-linear equa- 
tions of motion to determine the dynamic content of all 
fields. The degeneracy of the quadratic Lagrangian fp~5|) 
manifests in appearance of additional local symmetries. 
One symmetry is similar to £7(1) gauge symmetry 

\{r) ac dd\ - riaddcX), 
6 ( 19 ) 



&U(l)<lacd 

5u{i)<l a ad = d d \ 



and it implies that only transverse degrees of freedom of 
the vector field q a a d can be propagating. Another sym- 
metry with a constrained parameter \bc has the following 
form 



S x q ac d 



dcXda - ddXc 



(20) 



where Xbc = Xcb,X c c = and ® c Xcd = 0. These symme- 
tries reduce essentially the number of dynamical compo- 
nent fields in the contortion. 

Let us consider linearized equations of motion corre- 
sponding to the Lagrangian (I13[) 



SC 

Sq-ncd 



(a + -f)V—{V m q n cd - T> n q m cd) 

~(a~ 7)2?— iPc_qdmn ~ ^dlcmn) 
+"fV—(V m qcdn - Vcflmdn 

-T> n qcdm + T^cqndm - (c O d) 

0, (21) 



where covariant derivatives inside the brackets act on 
the last two indices of q nc d, and for the second covari- 
ant derivatives, T>—, the covariantization is performed 
over underlined indices. One has twenty four equations 
of motion, six equations among them represent Noether 
identities due to local Lorentz symmetry. One has to im- 
pose six gauge fixing conditions which will be chosen in 
consistence with equations of motion. 

It is convenient to make the following decomposi- 
tion of the Lorentz gauge connection q acc i into irreducible 
parts (qoom Q^s^q^op) where 

IfvyS — e ~)8p y O fip T ^ \°pp ^ ) >-> 

-\-(9fiSp + d p S^) + e^per^o-^ , 



TT 1 d^d p T 

qpOp — Rnp+-^{o^p — — J R 



(22) 



'{dpR p + dpRp 



tQ cr • 



We define A = d a d a , and the superscript "T" stands 
for traceless components and "TT" denotes traceless and 
transverse irreducible part. The decomposition is similar 
to that used for the metric tensor in canonical formalism 



T T 



of Einstein gravity [461 ]. Note that the fields S,R and 
longitudinal components A\ = -^-Ap,Q l a — ^2L^2.r>„ 



A 



do not transform under Lorentz gauge transformations. 

We will solve all equations of motion in component 
form. Let us start with the equation 



SC 

Sqoas 



Aqoos - dfidsqoop + dpd {qsop - q^os) 

+4-ffep5 £ 5 /J Qooe + 2He IJi s v d q tlV Q — 4H 2 q 00S 
0. (23) 



The equation represents a constraint which can be solved 
exactly 



H 2 dsq 00 s = Hd dsQs, 
1 



%05 



A + 4H 2 



On 



(24) 

2e s ^d^ + AHQf). (25) 
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The constraint allows to express the field qoo$ in terms of 
Q a . Notice that we cannot impose gauge fixing condition 
to eliminate the field Q l a since it is gauge invariant under 
the Lorentz gauge transformation. In Eq. we keep 
iJ-terms explicitly to show that this constraint vanishes 
identically in the limit H — > 0. In further we will assume 
that H is a small parameter to justify our perturbative 
analysis of equations of motion. 

The equation SC/Sqqjs contains a part with time 
derivatives of first order. It is convenient to use the 
Lorentz gauge freedom and impose a gauge fixing con- 
dition which makes these terms vanished 



{a + 7)9 M ^ 7<5 - jdfj,(q lfl s ~ <7<5 M7 ) 
~aH(e 7 f lip q lll pS - ^S^q^-,) = 0. (26) 



The gauge fixing condition can be written in terms of 
component fields as follows 

t 2a 

2(a + 1 )d a S Q + 1 S Hd a A a = 0, (27) 
A5* r - e^gd^Af - 2HA* = 0. (28) 

The last equation allows to express the pseudo-vector 
field 5* r in terms of the physical vector field A^. Since 
one has six gauge degrees of freedom due to the Lorentz 
gauge symmetry one can impose another three gauge 
fixing conditions. We will impose them later, for the 
present moment it is difficult to determine which condi- 
tions should be imposed in a consistent manner with all 
equations of motion. With this, the equation 5£/5qo~ ( $ 
results in a constraint 



SC 

SqojS 



= (a + 7)A<jo 7 <5 + 7<9 M (<9 7 <jo<5 M - dsqo-fp) 
+adp(d 1 q S() p - dgq^p) 

-2'ye- / 8pAQp + l^/e-^pdgd^Qp - 2^es w d 1 dpQ p 
+H$y2ad 1 Qs + 2(q + 2~/)e 7 p e dpq 0Se 

+~f£- f 5edp{qoe f i ~ Qfieo) + 7 e 7 ( ue<9<530e j i 1 

+2(-a + "f)e 7 p e dpq S eo - (j S)\ 

-H 2 ^2aq 0y 8 + a(q~ /0 s - qao 7 )} 
= 0. (29) 



For our purpose to determine the dynamic content of the 
theory we will need the solution to this equation up to 
order i? 2 , 



qo~{S 



2H 2 



d^Rf ■ —He^SaRa 



a + 7 
a + 7 A 2 



7 



a(a + 37) H 2 



a + 7 " (a + 7)2 A 
-(70 S) + 0(H n ^ 3 ). 



■^7 Sc 



The next equation of motion, 5C/Sq U Q U , represents a 

T 

constraint which allows to express the component field R 
in terms of other fields 



SC 

SquOu 



aAR-2ad dpAp 
+H {2(37 - a)d Q T 
+ (6(a + 2 7 ) + 



4 7 (2a - 37) 



a + 7 

_ 4 tf 2 {^— ^ ( 2 (2a - !)dpRp - (a - 7) R 

L OL + T \ 



+2 1 R+A 1 dpRp}+0{H n ^) 
= 0, (31) 

where we introduce a useful notation T for the irreducible 
totally antisymmetric part of g Q /3 7 

q(aPi) = qa/3j + q/3ja + 9 7 a,3 = Eafi-yT, 

_ 1 t (32) 

T = —£[i6tpqfid<p —S +29 7 5 7 . 

Let us consider the following equation of motion 

= a(nq vuS - d s du,q VV a - dpd y qp vS 
oqws v 

+d (d u q 0l/ s + d s q uu0 + d v q 50u ) - 2H 2 q vvS ^j 

+H^ae S epdpqp el 3 - Saeg^d^q^ 

-^ae S p t dpq uve + 3(q + 2j)e lt p e d li qp e s 
-(2a - 3^)epp e dpq Se p + ae &ve d q ueQ 

+(a - "il)e^f}dsq C pi3 - aesepdoqoep} 
= 0, (33) 

where □ = —dodo + d a d a . The transverse part of the 
equation leads to propagation equation for the transverse 
part of the vector field As = —q L , v s/2, 



^ II l )=n. ,;u, 



The longitudinal part of the equation at the lowest order 
H° coincides with the lowest order part of the Eq. ([31]) . 
so that a nontrivial part of the equation appears at the 
next order in H: 



H^{a + 7) AT - {a - 'S-f)d d T + -(a + 5~f)d w} 
+0{H n ^ 2 ) = 0, (35) 



(30) 



where the field W corresponds to a scalar irreducible part 
of qa-fS, 

1 27 

W = -CajSjdaqodj = ; — d a Q a + O(H). 

2 a + 7 
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As we will see below, the fields T and W represent prop- 
agating scalar modes corresponding to the longitudinal 
field components S l a ,Q l a . Notice, that one has arbitrari- 
ness in choosing a set of independent field variables in 

the theory. The equation (|35p contains fields S, S l a which 
satisfy the gauge fixing condition (|27|) including the field 
A l a . So that, it is appropriate (and consistent with all 
other equations of motion) to treat the constraint (|35|) 
as a non- linear equation for A a . 

Let us now consider the equation 5£/5qpos 

ee aAqpos + 7 A (qpos - qsop) ~ adudpquos 

oqpos 

-ad d {qp QS - qsop) - J^qops + ad dpq o6 
-ad d s q op - adad^qs^p + ydod^q^ps) 

+7<9p( - dpq^os + dgq^op + dpqson ~ d slf3o^ 
+ad fl d s q 0fi p - jd^dsqo^ + jd^dpq 0fl s 
+H(2aep Se d qo 0e - aese^daq^p 

+l^Se^doq(eiii3) + 2(a + 2j)e Sfie d fl qp elJ , 
+2je Sfle d fi q e0 p - (a + 2j)e s ^dpq^ 
+(a + 2j)ep Se d fi q fle0 + (a - 2j)ep Se d fl ,qo efl 
+2^ep l _ ie d f _ l q S0 e + 2{a - 2-f)e s ^d l _ l qo t p 

+ < 2je/3^edf_ l qoeS — l^s^^dpq^^ 
+i? 2 | - (3a + 27)^905 + (a - 2'y)8p S q U 0v 
-aqopsj 

= 0. (36) 

To solve this equation for all its irreducible parts one 
has to take into account terms up to order H 2 because 
some irreducible components of this equation vanish at 
the lower order expansion in H. Let us start with the 
equation obtained by contraction with the antisymmet- 
ric tensor e a ps- This equation produces two constraints. 
The first one corresponds to the longitudinal projection 
of the contracted equation, and it can be simplified to 
the following constraint 

-2 7 5 Q VF - ad d a S +2 7 5o5 Q T 

+2(a + 2 1 )AQ l a -4adod Q 1 a 

+0(H n ^) = 0. (37) 

This equation provides propagation equation for Q a . The 
transverse part of the antisymmetrized equation (|36[) 
vanishes at the lowest order H° and leads to a non-linear 
relationship between fields R s r and A S T 

Hd A^ + H 2 e a p S dpRf- 
+0(H n ^ 3 ) = 0. 



2 Wj 
aJ 



(38) 



Let us now consider the equation (1361) symmetrized 
over its indices. The divergence of the symmetrized part 



dpSC/Sq^pos] implies two equations. First one does not 
vanish only at order H , and it produces the same con- 
straint as (1571) . The second equation is 



(2a + 3j)HAQf 
-2(3a + 7 )i? 2 (e,5 7p a y Q 
+0(H n ^ 3 ) = 0. 



ARf 



(39) 



Due to relationship ([55} between the fields R^ and A^ 
the last constraint implies, in general, a vanishing condi- 
tion for both fields R^ , A^ and absence of any propagat- 
ing modes in the model. There is only one special case 
where our model admits dynamical vector field, namely, 
we choose a condition on the parameters 



7 = —3a 



(40) 



which excludes the field R^ from the equation. With 
this the field A^ remains dynamical. Our careful analy- 
sis shows that this condition is consistent with all other 
equations of motion and with Noether identities. Notice, 
the constraint on the parameters is exactly the same as 
in the case of the model of the gravity with contortion 
in the presence of constant curvature space-time back- 
ground fl3| . This is an unexpected result because we 
have different equations of motion in the models with 
flat and non- flat metric. 

At this moment we can choose remaining three gauge 
fixing conditions in a suitable manner. From the last con- 
straint and previous solutions to the equations of motion 
one can verify that the fields and R l s do not affect the 
solution structure in principle. It is convenient to choose 
vanishing conditions for Qg 1 ' and R s which are consistent 
with equations of motion and simplify further calcula- 
tions. So that, from now on we impose the gauge fixing 
conditions 



R g 



(41) 



With the previously imposed gauge conditions (|2"B1) the 
Lorentz gauge symmetry has been fixed completely. 

The remaining equation corresponding to the trace- 
less and transverse part of the equation SC/Sq^p sy gives 
a relationship for spin two modes 



TT 1 ' 
A Rps = -d ye a s p d a S p P +e a p P d a S s P 



-O(H). 



(42) 



SC 

The last equation of motion is given by . It is 

nrto. r 



8qp~/6 
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convenient to rewrite this equation in a dual form 
SC 



a/3 — ^c*7<5 



* * * 

= aO^a + ySapUq^ + (7 - ajdpd^q^a 

-(a - 7)e Q7 p9 7 9 /J g p/J) 3 + ae Q7P <9o<9 7 g p o,S 
-2'Ydo(5 a pd i Qi - d Q a ) - 2^d dpQ a 

+ \( a + l^ajsdodpqOjS + Jtaypdod^qOpP 

q^a/3 - (a + 2j)d M qp ail - adp 
+2(a - ~i)d a q vvS i - ad^q^ - a9 9oa/3 
+(a - 27)<y Q| g9o^o - ad qp a0 
-(a - 2l)8 a pdnq vvlt 

+27^ ( 

+ J ff 2 |4 7 (g /3Q - <Z aj g) - (4 7 + a)e Q/37 g„„ 7 }, (43) 
* 1 

where <7^ Q = — Ca-ysqp-yS- The trace part of the equation, 
$ aai yields an equation which can be simplified using the 
condition 7 = — 3a 

- AUd a S a + 2Ad a S a - 3d a d a Q a + 0{H) = 0. (44) 

The eqs. (l44"]) and (|37l) imply that the longitudinal com- 
ponents of the vector fields S a , Q a become propagating. 
Defining a scalar field corresponding to the longitudinal 
component of S a 



one can rewrite the equations of motion as follows 

Ud a Q a + A(d a Q a + d^j) + 0(H) = 0, 
□V> - d (d a Q a + d a yj) + 0{H) = 0. 



(45) 



(46) 



Explicit expressions for propagating solutions to these 
equations will be given in the next section. 

The remaining equations of motion corresponding to 
the vector irreducible parts of do not produce new 
independent equations. The irreducible part of the equa- 
tion esap&ap coincides with ([33]) . The divergence of the 
equation (|4"3")l . d a & a fi, reproduces the same propagating 
equation for as in (|34l) and the constraint (|37|) . The 
divergence of the equation (|4"3")l with respect to the sec- 
ond index, dp& a p, reflects the Noether identity structure. 
One can verify that the transverse part of this equation 
leads to a nontrivial equation at order H 71 - 1 

aH{AAZ - He^dodpR*/} + 0(H n ^ 3 ) = 0, (47) 



which is consistent with the constraint (|38|) . The longi- 
tudinal part of the equation dp<5> a p can be simplified by 



using the constraint (|3Tj) . 

H—^-d a A a 



(48) 



The component field A l a has been already defined by the 
Eq. (|3"5j) . The equation (|4"5]) does not represent a new 
independent equation but reflects the structure of the 
solution of (j3"5")l . Namely, the equation contains second 
order time derivative which indicates on possibility of 
existence of wave like (soliton) solutions for A\ in the full 
non-linear theory beyond the linearized approximation 
given by decomposition (fT5")) . 

The last irreducible component of the equation § a p 
is given by its symmetric traceless part. Substituting 



the irreducible field R a/ 3 from 
identity 



and using a useful 



S a/3 ~^~^ajS^Pvp 



A 



Ss P = 0, 



one results in the following equation at order H 2 



H 



n>3 



) = o. 



(49) 



(50) 



The equation contains second order time derivative, that 
means there might be spin two propagating solution like 
soliton due to non-linearity of the initial equations of mo- 

TT 

tion. The difference of the equations of motion for S up in 
the case of constant torsion background and in the case of 
the gravitational space-time background [l3| is that Eqn. 
(|5U| does not represent a standard D'Alcmbert equation 

TT 

due to the absence of a term proportional to H S a/3 
which would produce the D'Alembert equation. 

Finally, we have demonstrated that the Lorentz gauge 
theory with Lagrangian ()13|) with parameters 7 = 
—3a, P — admits two transverse propagating modes for 
the vector field and two scalar propagating modes 
Q a , S a . The spin one mode A l a and spin two mode 

TT 

S a/3 might have propagating modes only due to non- 
linear structure of full equations of motion. Our re- 
sult that the Lagrangian has exactly the same structure, 
7 = —3a, /3 = 0, as the Lagrangian for the gravity with 
torsion in the presence of the background metric [13| con- 
firms that the propagating spin one mode exists inde- 
pendently on the background metric at hand and it is a 
feature of the Lorentz gauge model itself. 



IV. POSITIVE DEFINITENESS OF THE 
HAMILTONIAN 



Lorentz gauge theories with quadratic R 2 type La- 
grangian suffer from the non-positiveness problem of the 
Hamiltonian which has origin in the non-compact struc- 
ture of the Lorentz group. This leads to the problem of 
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defining a stable vacuum in quantum theory. Let us con- 
sider this problem starting with the free Lagrangian (|13[) . 
Using solutions from the previous section one can express 
all components of contortion q acc i in terms of three inde- 
pendent fields A^, S„ and Q y a , 



C 



(2) 



A£nA% + (d a Q l a + d^) 2 + tpUip - Q l a nQ l a 

(51) 

Since the vector fields and are related by the 
Eq. one can treat the scalar field tp — — ^d a S a as 

a longitudinal component of S a , or as a dual longitudi- 
nal component of the field A^. The field Q y a originates 
from the contortion part q a $$ which corresponds to boost 
generators of the Lorentz group. The terms with Q a in 
the Lagrangian are potentially dangerous since they may 
give negative energy contribution destabilizing the vac- 
uum. We concentrate on a part of the total Hamiltonian 
which includes the scalar modes i/j and Q l a . The Hamil- 
tonian is defined in a standard manner 

n(Qi, V) - -(7T- d a Q l a ) 2 - Ul + l -{d a 4,f ~ (d a Ql) 2 , 

(52) 

where canonical momentums n and 7r Q arc defined by 



dC 

ddoip 
dC 



2d ip + d a Ql, 
= -d Q l a - 



(53) 



dd Q l a ' 

Notice that the fields tp and Q l a have correct canonical di- 
mension and they are treated as initial independent field 
variables. We will solve the Euler-Lagrange equations of 
motion for the fields ip, Q l a , (I46[) . in lowest order approx- 
imation. For a convenience let us rewrite the equations 
(j46|) in the following form 



2d 2 iP - AV> + d d a Q l a = 0, 
d 2 Q l a - 2AQ l a - d d a tP = 0. 



(54) 



The system of equations (f5~4"|) cannot be factorized into 
decoupled equations. Let us consider possible solutions 
in the form of plane waves 



b ( k y(-kx+k t) ^ 
c a {k)e l{ - i3+kot \ 



(55) 



where kx = k a x a . Substitution of the plane waves into 
(f5~4"| gives a system of homogeneous equations which has a 
nontrivial solution if the following characteristic equation 
is satisfied 



(kZ-k 2 f = 



(56) 



The equation is degenerated and it implies the dispersion 
relationship 



with 



'k 2 . 



(57) 



The coefficient functions 6, c a are related by the following 
equation 



c a {k) = -^ L b(k). 



(58) 



The corresponding solution for tp, Q l a can be written as 
a sum of positive and negative frequency modes 



tp(x,t) = 



d 3 k 
d 3 k 



i( — kx-\-ojt) 



b + {k)e 



6-(fc)c-' i(fe+wt) , 



(59) 



J (2tt) 4 cj 

d 3 k b~{k)k j^g+ut) 
(2tt) 4 u 



Using the solutions and calculating the canonical momen- 
tums ir and 7r Q , one can easily check the identities 



-(n-d a Q i a ) 2 ~(d a Q i a ) 2 =0, 

-^+iW) a =o, 



(60) 



which imply immediately that the Hamiltonian ()52|) van- 
ishes identically. 

Since the equation (|5"o) is degenerated the general so- 
lution to the equations of motion (|54l) includes another 
couple of wave like solutions. Fourier modes of the solu- 
tions can be found in the form which is suitable in fur- 
ther making Lorentz invariant decomposition into posi- 
tive and negative frequency parts 



ip(k) = {kx + k t)a(k)e l( -- Rs + kot \ 
Q l (k) = (Otx + kot)a(k) + id(k)y 



h i( — kx-\-kot) 



(61) 



Substituting this ansatz into equations of motion pro- 
duces the same dispersion relation (|56p and following re- 
lations for the coefficient functions 



fcnfc 



-6a : 



6k k 



(62) 



The general solution for tp and Q l can be represented as 
Fourier integral over all momentum k, fc . Performing in- 
tegration over kg using the dispersion relation (|57l) leads 
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to the final expressions 
d 3 k 



\x,t) 



+ 



(27T) 4 
d 3 k 

d 3 k 
d 3 k 



{kx + ujt)a + (k)e 



(kx — ut)a (k)c 



+ (t\ a i (- kS + ult ) 



(kx + LJt) - 6i)-a + (k)e 1 ^^ 



((kx — cut) — 6i \ —a (k)c 



— i(kx-\-ujt) 



(63) 

As usual, the Fourier functions a^(k),b (k) turn into 
creation and annihilation operators during quantization 
procedure. It is convenient to split the Hamiltonian 
W(Q a , ip) into two parts 



1~L — Ri + Ro 
1 



(64) 



ni = -(7:-d a Q l a y-(d a Q l a y, 

This allows to separate contributions Pqi, P02 of the 
fields Q 1 ip to the total energy functional 



P = / d 3 xH = P i + P): 



(65) 



Substituting the solution (|63p into the last equation and 
performing integration over configuration space x and 
one of two momentum fc, kl corresponding to Fourier 
components of ip, Q l one can verify that the contribu- 
tions from the fields Q l a and ip are mutually canceled 
due to following relations 



P 



01 



d 3 fc 



pi— _ 



P++ - 

p ++ _ 

PoT = 



(2tt)4 
-P+- 
d 3 fc 



A8uj 2 a + (k)a-{-k), 



(27T) 4 

^01 ' 
P19 • 



8w 2 (3 + iwt) a+ (fc)a+ (-fc)e 2lwt , 



(66) 



So that, the total contribution of the scalar modes to the 
energy functional vanishes identically. 

It is worth to stress that the mutual exact cancellation 
of all contributions of scalar modes in the energy func- 
tional is not occasional. This indicates to presence of 
an additional symmetry in the defining equations (1541) . 
It is easy to see such a symmetry in a simple case of 
1 + 1 dimensional space-time. After changing variable 
d x Qx — > dox the system of equations ([54]) can be rewrit- 
ten in the form 



2dlii - d 2 x i> + d d QX = 0, 



(67) 



It is clear that the system is invariant under the following 
symmetry transformations 



x ±t, 



(68) 



Due to this, energy contributions of scalar modes in (|5Tj) 
are mutually canceled. We expect that in 3+1 dimensions 
there should be a similar symmetry which provides the 
positive definite energy on mass shell. 



DISCUSSION 



We have studied the dynamic content of the class of 
Lorentz gauge theories admitting topological phase in the 
gravitational sector. It has been shown that in the special 
choice of the parameters a = l,/3 = 0,7=— 3 the corre- 
sponding model possesses dynamical contortion. Surpris- 
ingly, the existence of propagating modes for spin one and 
zero contortion component fields is provided by the same 
Lagrangian in both cases, in presence of constant gravita- 
tional background and in presence of constant contortion 
background field. Additional spin one and spin two prop- 
agating modes may appear only due to full non-linear 
structure of the equation of motion. At the lowest order 
of perturbation theory we have proved that the Hamilto- 
nian is positively defined. This implies that perturbativc 
quantization can be performed straightforward. In prac- 
tical calculation it is much more convenient to use the 
covariant quantization formalism based on functional in- 
tegral. The quantization can be performed straightfor- 
ward in a similar manner as in [13| . It has been proved 
that quantum gravity model with a general R 2 type La- 
grangian is renormalizable [47l - l50| . Since the initial La- 
grangian (|13|) is expressed in terms of gauge invariant 
tensors and there is no dimensional coupling constants, 
the proposed model of Lorentz gauge gravity belongs to 
renormalizable type. 

The important question is whether our model leads 
to a quantum vacuum condensate of torsion which can 
provide generation of the Einstein term in the effective 
action of gravity. This mechanism is similar to dynamical 
symmetry breaking in quantum chromodynamics where 
one has a gluon condensate while the gluon itself is not 
observable at classical level. The possibility that torsion 
may not be observable as a classical object was pointed 
out in [51(1 . Generation of the vacuum torsion conden- 
sate due to appearance of a non-trivial minimum in the 
quantum effective potential would lead to an effective 
Einstein gravity. Suppose the vacuum condensate has a 
Lorentz invariant form (TZ a bcd) = M 2 {r\ ac r\ hd - r] ad r] hc ). 
Substituting it into the initial classical Lagrangian (fT3"|) 
one can obtain the lowest order terms in the effective 
Lagrangian of gravity 



C Pf f = --M 4 



-M 2 R — ^-(R 2 



1 

32 



bed 



4Ri 



R' 



+0{R 



n>3\ 



(69) 
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where the terms quadratic in Riemann curvature repre- 
sent the integral density for the Euler characteristic 

X=^j^x^g(kl bcd -ml b + R 2 ). (70) 

To provide the correct sign of the Einstein term the con- 
densate parameter M 2 should be negative. This is oppo- 
site to the case of the gravity model with Yang-Mills type 
Lagrangian [34[ where the Einstein- Hilbert term and cos- 
mological constant are induced when the torsion conden- 
sate corresponds to a positive constant Riemann-Cartan 
curvature, i.e. M 2 > 0. Notice that the cosmological 
term proportional to M 4 is reproduced with a correct 
sign. Another feature of our model is that the Euler char- 
acteristic enters the effective Lagrangian with a negative 
sign. The corresponding vacuum to vacuum transition 
amplitude is proportional to (in Euclidean space-time ) 

(0|0) ~c~ Se =c + tx. ( 71 ) 

It is reasonable to consider summation over all topologies 
of the four dimensional manifolds described by fiber bun- 
dles with a compact two dimensional base space. In that 
case the Euler characteristic is determined by the genus 
g of the base space, \ — 2 — 2g, and the total vacuum- 
vacuum amplitude remains finite after summation over 
all topologies. 



The possibility that the Lorentz gauge gravity may 
have a positive definite classical Hamiltonian bounded 
from below implies that torsion can be observable not 
only in the form of quantum vacuum condensate but also 
in the form of a classical configuration. This implies an 
attractive possibility that torsion can be responsible for 
the cold dark matter since it does not interact to photon 
in minimal interaction scheme. The quantum properties 
and possible physical implications of our model will be 
considered in a separate paper. 
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